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A B S T R A C T

Dual porosity reservoirs consist of two comparatively independent systems of fractures and matrix blocks with
high and low permeability values, respectively. Semi-analytical and numerical studies on naturally fractured
reservoirs have been already cited in the literature. The present study focuses on investigation of a linear double
porosity model of a semi-infinite-acting naturally fractured reservoir using an exact analytical method. Different
matrix block size distributions are embedded into a transient model to consider the effects of heterogeneity in
fractured formations. In order to take into account transient fracture-matrix exchange, an analytical method is
proposed to solve the coupled fracture and matrix equations. Gauss Legendre quadrature is employed to evaluate
the double integral of general transient solution. Moreover, the corresponding shape factor was evaluated in a
double porosity transient model coupled with variable matrix block size distribution. Results demonstrated that
matrix block size distributions strongly affect the fluid transfer during the early time region. Also, the presented
model was employed to generate interference test curves which in turn were studied to investigate the impacts of
storativity ratio and matrix block size distributions on the fracture-matrix fluid transfer. Results illustrated that a
series of obtained pressure data from an observational well along with the proposed model may be considered a
robust method in fracture intensity assessment. Fast sensitivity analysis and very efficient computational cost are
the benefit of the derived analytical solutions with respect to previous numerical solutions.

1. Introduction

More than half of the world remaining petroleum resources is left in
naturally fractured reservoirs (NFRs) (Abdelazim and Rahman (2016)). It
is believed that petroleum production from NFRs has widely met the
universal requirements to nowadays energy demand (Sofla et al., 2016).
Regarding the fact that naturally fractured reservoirs (NFRs) are intrin-
sically heterogenic at all scales, they have been known by researchers as
one of the most difficult sorts of reservoirs to characterize; this may be
attributed to their complex structure comprising two comparatively in-
dependent fracture and porous matrix systems. Such reservoirs are
mathematically represented as single and double porosity models in the
literature (Abbasi et al., 2017a; Golghanddashti, 2011; Jia et al., 2016;
Narr, 2011; Nie et al., 2012; Rezaee, 2015; Wang et al., 2016; Wennberg
et al., 2006).

In a typical NFR system, major flow paths into the wellbore are pro-
vided through the fracture system owing to their high usual reported
permeability values of 0.5–2 Darcy while matrix porous volume is

responsible for the main storativity due to their low typical permeability
values of 0.1–2 mD (Saidi, 1987). In the literature, two distinguished
analytical techniques of dual porosity models have been frequently cited
for the mathematical description of flow behavior between fracture and
matrix systems in NFRs, with the help of two partial differential equa-
tions; the first model assumes a pseudo-steady-state flow behavior,
initially presented by Warren and Root (1963) and the second one as-
sumes transient model, initially developed by Kazemi (1969) (Cornaton
and Perrochet, 2002).

Warren and Root (1963) presented that there exists a direct propor-
tional relationship between pressure difference of matrix-fracture sys-
tems and fluid flow transfer rate in a fully-linked, and regular fractured
media. They incorporated two new factors as λ (inter-porosity flow co-
efficient) and ω (storativity coefficient) to indicate both system flow and
storage capacities with the aim of NFR pressure response characteriza-
tion. They were the first that utilized the advantageous Laplace trans-
formation to solve the obtained dimensionless pressure function, which
led to successfully presentation of a technique for pressure build-up data
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interpretation in infinite boundary radial reservoirs. Several researchers
have extended Warren and Root model with special cases and assump-
tions since then (Bui et al., 2000; Da Prat et al., 1981; Mavor and
Cinco-Ley, 1979; Odeh, 1965). For instance, presence of bounded outer
boundary and constant pressure conditions at inner boundary for radial
reservoir was introduced by Da Prat et al. (1981) for the first time which
led to generation of characteristic type curve analysis for their assump-
tions; yet their results could not give satisfactory matching for actual field
cases. Later, Bui et al. (2000) produced specific type curves to analyze the
data adapted form pseudo steady state pressure response for partially
penetrating wells in homogenous NFRs, which were useful in early and
transition times.

Although transient-based models are much more mathematically
complicated than pseudo-steady-state based models, they are substan-
tially much more appealing due to consideration of all flow regimes
including transient, late transient and pseudo-steady-state (Cornaton and
Perrochet, 2002; Stewart, 2011). The initialization of pseudo steady state
models in pressure response analysis dates back to 1969 when Kazemi
(1969) utilized a uniform isotropic model having a slab matrix along with
horizontal fractures to illustrate single phase fluid flow phenomenon in
radial NFRs and then incorporated a numerical simulator to obtain the
in-situ properties of reservoirs. He delineated that heterogeneity plays a
key role in understanding pressure transient data analysis and further
explained that two emerging parallel lines on semi-log graph could be
ascribed to wellbore storage impacts and storativity parameter over-
estimation in case of no boundary effects. Later on, de Swaan O" (1976)
investigated homogenous sphere and slab based matrix blocks in radial
NFRs environment for the purpose of pressure distribution description
assuming infinite boundary condition and with the help of heat flow
theory. Fracture pressure was considered variable and a convolution term
was incorporated to describe the source term. Based on their acquired
results, early and late periods were identified by two parallel lines on
semi-log plot. This model however failed to appropriately present the
transition time between early and late periods. Cinco-Ley and Samaniego
(1982) employed three new dimensionless parameters including fracture
storativity, matrix hydraulic diffusivity, and fracture area to interpret
pressure transient tests of radially slab and sphere shaped matrix blocks
in NFRs. Based on their work, three characteristic flow regimes including
fracture storage, transient matrix, and matrix pseudo steady state were
detected. They also assessed the matrix geometry in NFRs in case of
availability of smooth pressure data. Chen et al. (1985) proposed tech-
niques to analyze drawdown and buildup pressure test data, assuming
bounded cylindrical slab-based matrix blocks NFR alongside a constant

rate producing well located at the center. They also modified MBH
method to compute the average reservoir pressure for NFRs. Their results
highlighted that five possible regimes could exist from which formation
parameters can be calculated if the appropriate straight line is selected.
Application of pressure transient response analysis for linear NFRs was
initiated by El-Banbi (1998) for which he presented solutions assuming
diverse inner and outer boundary conditions. The inner boundary con-
ditions were considered as constant rate, constant well flowing rate,
constant rate with wellbore storage and skin effect, and constant well
flowing pressure with skin. The outer boundary conditions were infinite
reservoir, closed reservoir, and constant pressure.

Shape factor is one of the controversial subjects which have been
discussed in pressure response analysis cases, and is defined as an ex-
change coefficient in pseudo steady state based transfer equation,
expressing fracture-matrix transfer. Shape factor was initially derived by
Warren and Root (1963) for NFRs in a geometrical way. Derivation of
Shape factors is based on pressure diffusion mechanism with the
assumption of constant fracture pressure (Bourbiaux et al., 1999). Several
researchers have devoted their works to obtain shape factors. Kazemi
(1969) discretized the pressure equation, then applied the five point
finite difference technique as a numerical simulator to obtain the shape
factor in single phase double porosity systems. Bourbiaux et al. (1999)
introduced a shape factor expression versus equivalent block dimension
for two-dimensional fracture-matrix transfer formulation in double
porosity simulators, assuming pseudo steady state condition. Hassanza-
deh and Pooladi-Darvish (2006) stated that shape factors are
boundary-conditional through the analytical solution of diffusivity
equation in Laplace domain for several depletion schemes in the fracture.

Rock matrix block size is an important parameter in the naturally
fractured reservoirs which has been investigated in the literature of
pressure transient analysis (Braester, 1984). Braester introduced nu-
merical solutions of pressure transient analysis for NFRs with ordered
fracture-matrix blocks. He presented that homogenous behavior is
observed in a relatively short time leading to disappearance of block size
variation impacts in most feasible one-phase flow cases. Cinco-Ley et al.
(1985) investigated the effects of multiple matrix block size distributions
on behavior of pressure transient response in NFRs which resulted in a
different observation of pressure derivative compared to Warren and
Root model during only early times. Haddad et al. (2012) introduced the
effects of variable matrix block size distribution on matrix-fracture mass
transfer shape factor (during a tracer test) as a first order exchange co-
efficient. They highlighted that in fractured systems with small matrix
block sizes, smaller dimensionless shape factor is observed during

Nomenclature

A cross-sectional area open to flow, ft2

a exponential probability constant
b fracture half-thickness, ft
c Fluid compressibility, psi�1

Fh rock matrix block height ratio
g intercept in the linear probability density function
k absolute permeability, md
Lm thickness of repetitive element, ft
L�1 Laplace inverse
m linear probability constant
p pressure, psi
p average pressure over the domain, psi
p̂ pressure in the Laplace domain
q production rate of fluid, bbl/day
s Laplace space variable
t time, seconds
x matrix coordinate, ft

y fracture coordinate, ft

Greek symbols
α proportionality coefficient
ρ fluid density, lb/ft3

μ fluid viscosity, cp
ω storativity ratio
λ interporosity flow coefficient
φ porosity, fraction
σ shape factor, ft�2

Subscripts
D dimensionless
f fracture
i initial
m matrix
max maximum
min minimum
w well
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transient times. Haddad et al. (2014) introduced a mathematical model
to explain the mass transfer phenomenon in fractured porous media
considering twomechanisms of advective-dispersive transport within the
fractures and diffusive transport within matrix blocks. They used several
rock matrix block distributions to account for the effects of formation
heterogeneity. They also explained that their developed model along
with tracer data is an appropriate tool to assess the fracture intensity and
dispersivity in fractured formations. Abbasi et al. (2017b) represented a
heat transfer model for the process of cold water injection into fractured
geothermal reservoirs in radial system and further explicated the de-
pendency of heat transfer on matrix block size distribution.

The previous studies of linear fracture systems cited in the literature
including El-Banbi (1998) and Bello (2009) have provided non-exact
(semi-analytical) solutions. In addition, although some suggested shape
factors have been developed for both transient and pseudo-steady state
time regions (Hassanzadeh and Pooladi-Darvish, 2006), those have not
been applied for pressure depletion in dual porosity models. More than
that, the effect of matrix block size distribution on the developed shape
factors (for pressure depletion) in above mentioned studies has not been
considered.

In the present study and to the best knowledge of authors, for the first
time pressure equation is solved in a single fracture model against spatial
dimensions (x and y) and time using an exact analytical method based on
conceptual fracture model assumptions and description.

For this purpose, diffusivity equation is initially transformed into
Laplace space to calculate the both fracture and matrix block pressure at
diverse locations and times. Afterwards, in a typical fluid transfer pro-
cess, the corresponding dimensionless shape factor is obtained. To take
into account the heterogeneity, effects of matrix block size distributions
on the present analytical model are delineated, considering different
fracture intensities. Moreover, unsteady state as well as pseudo steady
state time regions in a typical fracture-matrix interaction are determined,
based on the achieved derivation results. Finally, the presented model is
employed to generate interference test curves which in turn are exam-
ined to investigate the impacts of storativity ratio and matrix block size
distributions on the fracture-matrix fluid transfer.

2. Basic model

Warren and Root (1963) developed the conceptual double porosity
systems in ideal fractured systems which is extensively utilized to
describe pressure behavior in NFRs. The basic assumption of their work is
on the basis of pseudo steady state matrix flow, wherein multiplication of
average fracture-matrix pressure by shape factor value gives exchange
flow rate extracted from reservoir matrix. de Swaan O" (1976) intro-
duced another double porosity system in which a set of equally-spaced
and parallel fractures make the matrix media and matrix/fracture sys-
tems are related to each other via an unsteady state exchange term. The
developed physical model here is demonstrated in Fig. 1. Following
terms are assumed to describe the conceptual model: an isotropic and

homogenous matrix, constant matrix and fracture permeability, slightly
compressible fluid of the formation, isothermally single-phase oil flow. It
is noteworthy that the exchange flow only occurs from reservoir matrix
into the fracture.

3. Mathematical model

The analytical model introduced in the present study is structurally
demonstrated in Fig. 2. The matrix block which has an initial pressure of
Pi, is surrounded by a pair of parallel fractures noted with a smaller
pressure of Pf which can be obtained through the solution of diffusivity
equation in the fracture system. It should be stated that pressure diffusion
occurs from the matrix block center point to the fracture system, leading
to a zero value in the matrix center and equal matrix surface-fracture
pressure values.

3.1. Governing equations for fluid flow

One can obtain the governing fracture fluid flow differential equation
by considering the control volume in the fracture and using the material
balance rule. The derivation process is identical to those offered by
several authors as discussed through equation (A1) to (A8) in the Ap-
pendix (Bello, 2009; Brohi et al., 2011; El-Banbi, 1998; Fujiwara, 1989).

The fracture-based equation is defined as (El-Banbi, 1998):

�φμct
k

�
f

∂pf
∂t � ∂2pf

∂y2 � 2km
kf Lm

∂pm
∂x

����
x¼b

¼ 0 (1)

Where in fracture and rock matrix fluid pressure are denoted by pf and
pm, respectively. Other notations have been explained in the nomencla-
ture. The governing 1-dimensional fluid flow equation of rock matrix
pressure distribution is as follows:

�φμct
k

�
m

∂pm
∂t � ∂2pm

∂x2 ¼ 0 (2)

The followings are the boundary and initial conditions:

pf ðy; 0Þ ¼ pmðy; x; 0Þ ¼ pi (3a)

pf ð0; tÞ ¼ pw (3b)

Fig. 1. The schematic representation of a horizontal penetrated production
well into a fractured reservoir. Fig. 2. Basic representation of developed analytical model.
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pf ðy→∞; tÞ ¼ pi (3c)

pf ðy; tÞ ¼ pmðy; b; tÞ (3d)

∂pm
∂x

����
x¼B

¼ 0 (3e)

Here, dimensionless parameters are employed to reduce the compli-
cations involved in this study. Governing equations may be placed in
their dimensionless forms through exploitation of dimensionless pa-
rameters as below:

Therefore, one can derive the boundary conditions and dimensionless
diffusivity equations noted below. Based on the dimensionless pressure
and dimensionless production relationship, one may simply obtain:

qD ¼ � 1
2π

∂pDf
∂yD

����
yD¼0

(4)

Substitution of dimensionless variables in Eqs. (1) and (2) gives:
For fracture:

ω
∂pDf
∂tD

� ∂2pDf
∂y2D

� λ

3
∂pDm
∂xD

����
xD¼ 2b

Lm

¼ 0 (5)

For matrix:

3
λ
ð1� ωÞ ∂pDm∂tD

� ∂2pDm
∂x2D

¼ 0 (6)

Also, initial and boundary conditions become:

pDf ðyD; 0Þ ¼ pDmðyD; xD; 0Þ ¼ 0 (7a)

pDf ð0; tDÞ ¼ 1 (7b)

pDf ðyD→∞; tDÞ ¼ 0 (7c)

pDf ðyD; tDÞ ¼ pDm

�
yD;

2b
Lm

; tD

�
(7d)

∂pDm
∂xD

����
xD¼ 2B

Lm

¼ 0 (7e)

Solutions of Eqs. (5) and (6) are given in Appendix, which have been
solved at the boundary and initial conditions by applying the Laplace
transform. Due to the difficulties associated with numerical inversion,
the solutions used are based on analytical inversion of the Laplace

transform. Eqs. (8) and (9) express the dimensionless pressure distribu-
tion in a fracture and porous matrix:

pDf ¼ 4
π3=2

∫ ∞
l exp

��ξ2
�
:∫ ∞

0

1
ε
expðεRÞ

	
sinðεIÞjT þ sinðΩÞ
dεdξ (8)

Eq. (9) represents matrix dimensionless pressure. In order to find
average matrix pressure, one can integrate Eq. (9) which yields:

pDm ¼ 1
Vm

∫
Vm

pDmdVm (10)

As mentioned, in the pseudo steady state period, there exists a direct
proportional relationship between pressure difference of matrix-fracture
systems and fluid flow transfer rate; this proportionality coefficient is
known as the shape factor (σ), defined in:

qm ¼ kmρ
μ

σ
�
pm � pf

�
(11)

Moreover, the matrix-fracture fluid flow can be derived as a function
of matrix pressure, as stated in the following equation:

qm ¼ �ϕmcmρ
∂pm
∂t (12)

Combining Eqs. (11) and (12) gives:

kmρ
μ

σ ¼ ϕmcmρ
∂pDm=∂t�
pDf � pDm

� (13)

Now we can utilize the solution of the diffusivity equation to obtain
matrix pressure considering its boundary and initial conditions. With the
help of these equations, one may derive shape factor as follows:

σ ¼ ðφctÞmh
ðφctÞm þ ðφctÞf

i
A

kf
km

∂pDm=∂tD�
pDf � pDm

� (14)

According to the dimensionless parameters defined in Table 1,
dimensionless shape factor (σLm2 ) can be obtained by substitution of
fracture half thickness (b) in terms of the dimensionless length as:

σL2
m ¼ 12ð1� ωÞ

λ

∂pDm=∂tD�
pDf � pDm

� (15)

4. Results and discussion

In this section, solution for Eq. (A.1) and (A.2), which are derived for
the introduced conceptual model and presented in Fig. 2, is described.
Fracture linear flow, fracture linear to fracture/matrix bilinear transition

pDm ¼ 4λ
3
ffiffiffi
π

p ð1� ωÞ ∫
∞
l exp

�� ξ2
�
:∫ ∞

0

1
ε
expðεRÞ

X∞
n¼0

ð � 1Þnð2nþ 1Þ:cos
�ð2nþ 1ÞπxD

2




:

2666666666666664

1

ε4

4
þ
 
π2λð2nþ 1Þ2
12ð1� ωÞ

!2

8>>>>>>><>>>>>>>:

 
π2λð2nþ 1Þ2
12ð1� ωÞ sinðεIÞjT �

ε2

2
cosðεIÞjT

!

þexp

"
�
 
π2λð2nþ 1Þ2
12ð1� ωÞ

!
tD

#
:

" 
π2λð2nþ 1Þ2
12ð1� ωÞ

!
sinðΩ0Þ þ ε2

2
cosðΩ0Þ

#

9>>>>>>>=>>>>>>>;
þ
 

12ð1� ωÞ
π2λð2nþ 1Þ2

!"
1� exp

"
�
 
π2λð2nþ 1Þ2
12ð1� ωÞ

!
tD

##
sinðΩÞ

3777777777777775
dεdξ

(9)
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flow, and fracture to matrix linear flow are believed to strongly depend
on the storativity ratio (ω). In the early time, most of the production is
from the fracture system due to its high permeability. According to ω
definition, the fracture to matrix storage ratio, the more the fracture
porosity, the more the fluid-in-place is within the fracture system and
more oil production in the early time accordingly. Moreover, in a frac-
tured reservoir with low ω values (matrix and fracture system are high-
lighted with high and low porosity, respectively), low oil production
occurs in the early time due to low matrix porosity, which is accompa-
nied by comparatively high oil production as time passes due to matrix-
to-fracture oil transfer phenomenon.

It is notable that fracture linear flow is altered into fracture pseudo
steady state flow, followed by matrix linear flow at large ω values;
however, fracture linear flow to fracture/matrix bilinear flow is the flow
regime alteration at small ω values. Impact of ω on the proposed solution
is illustrated in Fig. 3 at a fixed value of λ¼ 10�3.

Parameters such as matrix per fracture permeability ratio and matrix
block width affect the value of interporosity flow coefficient (λ). Fig. 4
demonstrates impact of interporosity flow coefficient on the solution at a
constant value of ω¼ 0.01. It should be expressed that interporosity flow
coefficient also controls the fracture pseudo steady state flow regime
(also known as transition state from fracture to matrix linear flow
regime), which in turn affects matrix linear to matrix pseudo steady state
flow. Also, owing to existence of direct and inverse proportionality of λ
with matrix permeability and matrix-squared width, respectively, matrix
pseudo steady state flow regime starts at later times for smaller λ values.

4.1. Uniform rock matrix block size distribution (Warren and Root model)

Warren and Root (1963) extended the work of Barenblatt et al. (1960)
and found out a relationship among fluid mobility, potential difference,
fracture-matrix exchange term, and shape factor. For the purpose of
modeling solute transport and fluid flow in double porosity systems, the

pseudo steady state model which is also known as a first-order matrix--
fracture exchange relationship, has been utilized. In the present paper, it
is assumed that fracture-matrix fluid flow is proportional to fracture fluid
pressure variation with time.

Fig. 5 demonstrates dimensionless shape factors for different values of
yD¼ 0.1, yD¼ 10 and yD¼ 100 at a fixed value of ω¼ 0.03 and λ¼ 10�3,
leading to two major physical scenarios; locations near the injection
point (i.e., small yD values) and locations far away from the injection
point (i.e., large yD values). Also, Fig. 5 highlights two characteristic time
regions in terms of dimensionless shape factor; transient period during
which shape factor is a function of time and pseudo steady state period
during which dimensionless shape factor does not change with time.
Based on Fig. 5, one can conclude that for the first scenario, (i.e., yD¼ 0.1
or yD¼ 10), and second scenario (i.e., yD¼ 100), the value of dimen-
sionless shape factor approaches π2 and 12 during pseudo steady state
time region, respectively. Also, longer transient time region occurs in the
second scenario of fluid flow, which means that a time relay in the matrix
blocks response exist far from the producer source. In such a case, longer
transients exist owing to variation of fracture fluid pressure which acts as
a matrix block boundary condition with respect to time. In the first fluid
flow scenario however, shorter transients are observed because of con-
stant fracture fluid pressure (Dirichlet-type boundary). Such results have
also been noted by Haddad et al. (2012) for tracer tests in dual porosity
systems for an injection well assuming wellbore concentration is

Fig. 3. Impact of storativity ratio (ω) on the developed solution. At early
times, the more the storativity ratio causes the higher dimensionless rate, as
the oil production is mostly from the fracture. At late time however, all three
cases give the same dimensionless rate, since matrix is the main storage
contributor to the oil production.

Fig. 4. Impact of interporosity coefficient (λ) on the developed solution
(when ω¼ 0.01). At early times, because the oil production is mostly from the
fracture, a change in the interporosity coefficient does not affect the dimen-
sionless rate. However, when the matrix starts to contribute to oil production,
the matrix with higher permeability (i.e., higher interporosity coefficient)
comes with relatively larger dimensionless rate.

Fig. 5. Effect of dimensionless distance (yD) on dimensionless shape factor
versus dimensionless time.

Table 1
Dimensionless parameters used to derive dimensionless governing equations.

Parameters Equation

Dimensionless time tD ¼ 0:00633kf t
½ðφct Þmþðφct Þf �μA

Dimensionless pressure pD ¼ pi�p
pi�pw

Dimensionless production qD ¼ kf
ffiffiffi
A

p ðpi�pwÞ
141:2qBμ

Storativity ratio ω ¼ ½φct �f
½φct �mþ½φct �f

Interporosity flow coefficient λ ¼ α km
kf
A; α ¼ 12

L2m

Dimensionless length xD ¼ x
Lm=2

;yD ¼ yffiffiffi
A

p
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constant.
The λ coefficient used in the presented formulation, represents frac-

ture storage coefficient to that of the matrix block. In order to investigate
the impact of fracture storage coefficient to that of the matrix block on
dimensionless shape factor separately, the interporosity coefficient was
changed considering constant values of ω¼ 0.03 and yD¼ 0.1. Fig. 6
indicates that the more the fracture-matrix shape factor in transition
time, the less the value of λ coefficient, and also the dimensionless shape
factor eventually stabilizes at π2 no matter what the value of λ coefficient
is.

The presented analytical model was validated against numerical
Kazemi's model (Kazemi, 1969). For this purpose, a Cartesian model was
defined using a commercial simulator considering the following as-
sumptions: 1- Single-phase fluid. 2- Linear flow inside the fracture and a
perpendicular flow over the fracture linear flow inside the matrix. 3- The
fracture is horizontal. 4- The matrix and fracture are both isotropic and
homogeneous. Table 2 tabulates the rock and fluid properties as the input
to the simulator.

Moreover, Fig. 7 demonstrates the schematic grid formatted in Car-
tesian coordinate.

Fig. 8 shows the semi-log plot of bottom-hole pressure as a function of
time, which highlights that the analytical model presented in this study is
in very good agreement with the simulator results. The advantageous

point to mention here is that the analytical model run time is much lesser
compared to the simulator. Therefore, the analytical model is more
appropriate than the numerical model in preliminary assessments and
sensitivity analyses (see Table 3).

Fig. 6. Effect of interporosity flow coefficient (λ) on the
dimensionless shape factor against dimensionless time (when
ω¼ 0.03).

Table 2
Rock and fluid properties (Kazemi, 1969).

Parameters ∅m ∅f Lm/2 b km kf cm cf Pi Pw μ

Value 0.05 0.45 9.05 0.025 0.01 7236.39 10–5 10–5 4000 1500 1
Unit % % ft ft md md psi�1 psi�1 psi psi cp

Table 3
Probability distribution function (Rafael et al., 2001).

Distribution Probability Density
Function (PDF)

Parameters

Exponential fDðLmDÞ ¼ a expð�LmD Þ
expð�aFh Þ�expð�aÞ a¼�20,

�5, 5, 20
Represent highly
sparse to highly
intense fractured
systems

Linear fDðLmDÞ ¼ mLmD þ g g ¼ 2�mðF2
h Þ

2ð1�FhÞ
m> 0: low fracture
density
m¼ 0: rectangular
distribution
m< 0: high fracture
density

Fig. 7. The schematic simulation grid formatted in Cartesian coordinate.

Fig. 8. Plot of bottom-hole pressure versus time.
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4.2. Effect of rock matrix block size distribution

The results discussed in the previous subsection were based on the
assumption of a uniformmatrix block size (Warren and Root model). Due
to heterogeneity of real geological formations, there exists a different
range of rock matrix block sizes. This necessitates the reformulation of
the problem to account for variation of rock matrix block size distribu-
tions in the naturally fractured rocks. Exponential and linear distribu-
tions are themost probable distributions of rockmatrix blocks that can be
observed in outcrops (Neretnieks, 2002; Segall, 1981). Geological studies

of fractured reservoirs and outcrops have shown non-uniformity in
fracture spacing due to different lithology and other geotechnical effects
(Reis, 1998). It should be noted that pressure transient analysis with rock
matrix block size distribution has been addressed in many studies (Rafael
et al., 2001; Rodriguez-N- et al., 2002) (see Fig. 9).

A probability density function (PDF) has the following property
(Rafael et al., 2001):

∫ 1
Fh
fDðLmDÞdLmD ¼ 1 (16)

where fD(LmD) is the probability density function and LmD¼ Lm/Lmmax.
The linear and exponential forms of probability density functions and
their corresponding parameters are indicated in Table 3.

Where Fh¼ Lmmin/Lmmax. In this study, a value of 0.1 for Fh is used
(Johns and Jalali, 1991; Rafael et al., 2001).

pDm ¼ ∫ 1
FhfDðLmÞpDmdLm (17)

For an exponential distribution, the term ∂pDm
∂tD

is:

Therefore, using Eq. (15), the dimensionless shape factor with an
exponential rock matrix block size distribution can be expressed by:

For other distributions, the same procedure must be followed. In
calculation of the dimensionless shape factor using Eq. (19), numerical
instabilities may arise at high values of yD. In such a case, Eq. (15) can be
used to calculate the dimensionless shape factor by replacing Lm withL̂ m.
A sensitivity analysis reveals that the dimensionless shape factors ob-
tained by this replacement are close to those obtained using Eq. (19).

Fig. 10 shows the dimensionless shape factor for all possible distri-
butions considered in this study for yD¼ 0.1 and ω¼ 0.01, wherein it can
be observed that as the fracture intensity increases (increase in small rock
matrix blocks, i.e., from Lm¼ 10ft towards 100ft), the dimensionless
shape factor (σLm2 ) decreases. In addition, as increase in fracture intensity
leads to reduction in the time needed to reach pseudo steady state. This
corresponds to shorter transients and earlier onset of the pseudo steady-
state period for very small rock matrix blocks.

Fig. 10 shows that the dimensionless shape factor demonstrates a
transient behavior at early time and converges to a stabilized value
during the pseudo steady state period. This behavior has been observed
for pressure transient analysis in dual porosity systems (Chang, 1995;
Hassanzadeh and Pooladi-Darvish, 2006; Ranjbar et al., 2011).

Fig. 11 shows the matrix pressure of several exponential distributions
of matrix block size. As parameter a increases from negative to positive
values, i.e., as the fracture intensity increases, the matrix-fracture ex-
change increases, which in turn causes the oil production from matrix
block to boost. One can therefore conclude that in exponential distribu-
tion of matrix block size, the value of parameter a holds a directFig. 9. Graphical representation of linear, rectangular and exponential dis-

tributions against LmD¼ Lm/Lmmax (Haddad et al., 2012).

∂pDm
∂tD

¼ L�1

8><>:∫ 1
Fh

a expð�aLmÞ
expð�aFhÞ � expð�aÞ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�ωÞkf ðLmmaxLmÞ2s

4kmA

q tanh

0@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� ωÞkf ðLmmaxLmÞ2s

4kmA

s 1A

� exp

0B@�
24ωsþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4Akmð1� ωÞs
ðLmmaxLmÞ2kf

s
tanh

0@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� ωÞkf ðLmmaxLmÞ2s

4kmA

s 1A351=2

yD

1CAdLm

9>=>;
(18)

σLm

2 ¼

2L�1

8<:∫ 1
Fh

a expð�aLmÞ
expð�aFhÞ�expð�aÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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kmAs

s
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s
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s
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ð1�ωÞkf ðLmmaxLmÞ2s

4kmA
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9>=>;
(19)
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relationship with both matrix oil production and the imposed pressure
drop at a specified time.

Fig. 12 illustrates the pressure derivative as a function of time, which

also implies that an increase in the fracture intensity raises the matrix oil
production rate and matrix pressure drop.

The linear matrix block size distribution was initially introduced by

Fig. 12. Impact of several exponential PDFs of matrix block
size on the dimensionless matrix pressure derivative against
dimensionless time in an observational well at a linear dis-
tance of yD¼ 0.1 with ω¼ 0.01.

Fig. 11. Impact of several exponential PDFs of matrix block
size on the dimensionless matrix pressure against dimen-
sionless time in an observational well located at a linear dis-
tance of yD¼ 0.1 with ω¼ 0.01.

Fig. 10. Impact of matrix block size distributions on the
dimensionless shape factor with respect to dimensionless
time.
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Fig. 14. Impact of several exponential PDFs of matrix block
size on the dimensionless matrix pressure derivative against
dimensionless time in an observational well at a linear dis-
tance of yD¼ 0.1 with ω¼ 0.01.

Fig. 15. Dimensionless time associated with the maximum
derivative of the tracer concentration profile in diverse linear
and exponential PDFs in an observational well at a linear
distance of yD¼ 0.1, considering different storativity ratio.

Fig. 13. Impact of several linear PDFs of matrix block size on
the dimensionless matrix pressure versus dimensionless time
in an observational well at a linear distance of yD¼ 0.1 with
ω¼ 0.01.
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Rodriguez et al. (Rodriguez-N- et al., 2002); Effect of such linear distri-
bution on dimensionless shape factor is conceptually represented in
Fig. 13. As parameterm decreases from positive to negative values, i.e., as
the fracture intensity increases, the matrix-fracture exchange increases,
which in turn causes the oil production from matrix block to boost. One
can therefore conclude that in linear distribution of matrix block size, the
value of parameterm is inversely related with both matrix oil production
and the imposed pressure drop at a specified time.

Fig. 14 illustrates the pressure derivative as a function of time, which
also implies that an increase in the fracture intensity raises the matrix oil
production rate and matrix pressure drop.

The dimensionless time associated with the maximum dimensionless
matrix pressure derivative is presented in Fig. 15 for the cases of linear
and exponential probability density functions (PDFs), from which one
can conclude that location of maximum derivative is almost not
dependable on matrix block size distribution type. Therefore, pressure
derivative analysis may be considered as a unique feature as opposed to
pressure analysis.

Considering the fact that dimensionless drainage radius at the
maximum changing value of matrix block pressure is simply an indicator
of pressure drop arrival to observational well (Bourdet, 2002), and also
since the fracture system consists of high permeable zones, therefore,
pressure drop approaches the observational well through the fracture
system. It can be concluded that type of matrix block distribution does
not affect pressure drop arrival time. This behavior has been observed for
tracer test analysis in fractured systems (Haddad et al., 2014) where they
utilized the behavior seen in the derivative plot of tracer concentration to
assess the dispersivity in the observational well. Their results implied the
non-dependency of dispersivity on rock matrix block size distribution in
fractures where dispersive transport is dominated.

Fig. 15 also illuminates that fracture storage coefficient is directly

proportional with the value of ω and that pressure drop arrives faster to
the production well as ω decreases (fracture storativity is smaller).

5. Conclusions

In this study, an accurate analytical solution was developed to
examine the transient fracture-matrix exchange in a typical semi-infinite-
acting naturally fractured reservoir. Heterogeneity of fractured reservoirs
was considered in terms of exponential and linear matrix block size
distributions. Results implied the strong dependency of fluid exchange on
matrix block size distribution throughout early time.

The pressure transient analysis indicates that boundary condition
influences the pseudo steady state dimensionless shape factor in the sense
that at locations near and far away the injection source, the pseudo
steady state dimensionless shape factor reaches around π2 and 12,
respectively. The transient shape factor in this study which is developed
as a function of matrix block size distribution, can be incorporated as a
matching parameter in the history matching process.

The effect of matrix block size distributions such as linear and
exponential, and storativity ratio on the radius of investigation was
investigated by analyzing the pressure response in the observational well
through the interference test. Based on the investigation, pressure drop
arrived the observational well through the fracture system in the inter-
ference test of naturally fractured reservoirs and matrix block size dis-
tribution type did not affect this pressure drop arriving time.
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Appendix

Fracture and average matrix block pressure are calculated in this section over Laplace domain, by applying Laplace transform on Eqs. (5) and (6). To
begin the derivation process, taking Laplace transformation with respect to tD, Eqs. (5) and (6) are respectively converted to:

∂2p̂ Df

∂y2D
� ωsp̂ Df þ

λ

3
∂p̂ Dm

∂xD

����
xD¼ 2b

Lm

¼ 0 (A.1)

∂2p̂ Dm

∂x2D
� 3

λ
ð1� ωÞsp̂ Dm ¼ 0 (A.2)

Note that fracture and rock matrix dimensionless pressure are denoted by p̂ Df and p̂ Dm, respectively, in the Laplace domain, in which the boundary
conditions (Eq. (7b) - (7e)) become:

p̂ Df ð0Þ ¼
1
s

(A.3a)

p̂ Df ðyD→∞Þ ¼ 0 (A.3b)

p̂ Df ðyDÞ ¼ p̂ Dm

�
rD;

2b
Lm

�
(A.3c)

∂p̂ Dm

∂xD

����
xD¼ 2B

Lm

¼ 0 (A.3d)

The general solution transform of p̂ Dmfor the ordinary differential equation of Eq. (A.2) is derived as:

p̂ Dm ¼ C1 cosh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ωÞs

λ

r �
2B
Lm

� xD

�!
þ C2 sinh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ωÞs

λ

r �
2B
Lm

� xD

�!
(A.4)

In which s is the Laplace space variable. The second boundary condition defined in Eq. (A.3d) provides C2¼ 0 and considering first boundary
condition defined in Eq. (A.3c), Eq. (A.4) becomes:
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p̂ Dm ¼
cosh

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1�ωÞs

λ

q �
2B
Lm
� xD

��
coshð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3ð1� ωÞs=λp Þ p̂ Df (A.5)

Now, in order to find the dimensionless fracture pressure, partial differential equation defined in Eq. (A.1) is solved at a constant value of xD ¼ 2b
Lm

to
get:

∂p̂ Dm

∂xD

����
xD¼ 2b

Lm

¼ �p̂ Df

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ωÞs

λ

r
tanh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ωÞs

λ

r !
(A.6)

Substituting Eq. (A.6) into Eq. (A.1) gives:

∂2p̂ Df

∂y2D
�
(
ωsþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λð1� ωÞs

3

r
tanh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ωÞs

λ

r ! )
p̂ Df ¼ 0 (A.7)

Eq. (A.7), which is an ordinary differential equation (ODE), is solved, then using the boundary conditions presented by Eq. (A.3b) and (A.3c),
following term is derived for p̂ Df :

bpDf ¼
1
s
exp

 
�
"
ωsþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λð1� ωÞs

3

r
tanh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ωÞs

λ

r !#1=2
yD

!
(A.8)

Now, inverse Laplace transformation must be applied on Eq. (A.8). For the matter of simplicity, the following integral is utilized in the derivation
process (Grandshteyn and Ryzhik, 1980):

∫ ∞
0 exp

�
� ξ2 � χ2

ξ2

�
dξ ¼

ffiffiffi
π

p
2

expð � 2χÞ (A.9)

This integral (Eq. (A.9)) is employed to convert Eq. (A.7) into the following form:

bpDf ¼
2ffiffiffi
π

p
s
∫ ∞
0 exp

��ξ2
�
exp

0BB@�

�
ωsþ

ffiffiffiffiffiffiffiffiffiffiffiffi
λð1�ωÞs

3

q
tanh

� ffiffiffiffiffiffiffiffiffiffiffiffi
3ð1�ωÞs

λ

q �

4ξ2

y2D

1CCA (A.10)

We can rewrite Eq. (A.10) to:

bpDf ¼
2ffiffiffi
π

p ∫ ∞
0 exp

��ξ2
� 1
s
exp
�
� ωy2D

4ξ2
s
�
exp

0@� y2D
4ξ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λð1� ωÞs

3
tanh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ωÞs

λ

r !vuut 1A (A.11)

Therefore, the inverse transform is used to give the dimensionless fracture pressure as:

pDf ¼ 2ffiffiffi
π

p ∫ ∞
0 exp

��ξ2
�
∫ T
0L

�1

"
exp

 
� y2D
4ξ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λð1� ωÞs

3

r
tanh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ωÞs

λ

r !!#
τ

dτdξ (A.12)

In which, T is defined as:

T ¼ tD � ωy2D
4ξ2

T � 0

Note that Eq. (A.12) was obtained considering:

L�1

�
1
s
expð � asÞf ðsÞ



¼ ∫ t�a

0 L�1½f ðsÞ�dτ t > a (A.13a)

L�1

�
1
s
expð � asÞf ðsÞ



¼ 0 t < a (A.13b)

The inverse of exponential term presented in Eq. (A.12) has been already discussed in Skopp and Warrick (1974) work, where a model was
developed to describe reactive solutes in soil. Their inverse technique is applied here:

L�1

(
exp

 
� y2D
4ξ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λð1� ωÞs

3

r
tanh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ωÞs

λ

r !)
¼ 1

π
∫ ∞
0 ε expðεRÞcosðεIÞ dε (A.14)

Wherein εR and εI are defined as:

εR ¼ �y2Dε
8ξ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λð1� ωÞ

3

r  
sinh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ωÞ=λp

ε
�� sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ωÞ=λp

ε
�

cosh
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3ð1� ωÞ=λp
ε
�þ cos

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ωÞ=λp

ε
�!
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εI ¼ ε2tD
2

� y2Dε
8ξ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λð1� ωÞ

3

r  
sinh
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ε
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ε
�
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� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3ð1� ωÞ=λp
ε
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3ð1� ωÞ=λp

ε
�!

Substituting Eq. (A.14) in Eq. (A.12), then switching the integration order of τ and ε gives:

pDf ¼ 4
π3=2

∫ ∞
0 exp

�� ξ2
�
:∫ ∞

0

1
ε
expðεRÞ

	
sinðεIÞjT þ sinðΩÞ
 dεdξ (A.15)

where

Ω ¼ y2Dε
8ξ2
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r  
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ε
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ε
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3ð1� ωÞ=λp

ε
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The requirements of above equation are:

tD � ωy2D
4ξ2

or ξ � yD
2

ffiffiffiffi
ω
tD

r
Hence, the final form of Eq. (A.15) is given as:

pDf ¼ 4
π3=2

∫ ∞
l exp

�� ξ2
�
:∫ ∞

0

1
ε
expðεRÞ

	
sinðεIÞjT þ sinðΩÞ
dεdξ (A.16)

Where

l ¼ yD
2

ffiffiffiffi
ω
tD

r

is the integration lower limit versus ξ. Eq. (A.16) represents fracture dimensionless pressure considering all possible processes.
Solution for the dimensionless matrix pressure is now presented. Knowing the fact that inverse of the hyperbolic cosine function in Eq. (A.5) becomes

(Badii and Oberhettinger (1973)):

L�1

8>><>>:
cosh

� ffiffiffiffiffiffiffiffiffiffiffiffi
3ð1�ωÞs

λ

q �
2B
Lm

� xD
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(A.17)

In convolution theorem, it is stated that:

L�1½f1ðpÞf2ðpÞ� ¼ ∫ t
0F1ðτÞF2ðt � τÞdτ (A.18)

Therefore, the inverse of Eq. (A.17) can be written as:

pDm ¼ πλ
3ð1� ωÞ

X∞
n¼0

ð � 1Þnð2nþ 1Þ:cos
�ð2nþ 1ÞπxD

2
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ðt � τÞ

#
dτ (A.19)

By replacing Eq. (A.16) in Eq. (A.19) for pDm, the following is obtained by integrating Eq. (A.19) with respect to τ:

pDm ¼ 4λ
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(A.20)

where

Ω0 ¼ Ωþ ωy2Dε
2

8ξ2
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